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Nonlocality, one of the most puzzling features of multipartite quantum correlation, has been
identified as a useful resource for device-independent quantum information processing. Motivated
from the resource theory of quantum entanglement, Gallego et al. in [Phys. Rev. Lett. 109,
070401 (2012)] proposed an operational framework to characterize the nonlocal resource present in
multipartite quantum correlations. While the bipartite no-signaling correlations allows a dichotomous
classification – local vs. nonlocal, in multipartite scenario the authors have shown that there exist
several types of nonlocality that are inequivalent under the proposed operational framework. In this
work we present a finer characterization of multipartite no-signaling correlations based on the same
operational framework. We also point out some erroneous conclusions in Gallego et al.’s work and
make them precise here.
I. INTRODUCTION
Nonlocality captures one of the important character-
istic aspects of multipartite quantum systems. John S.
Bell, in his seminal work [1], proved that a composite
quantum system, prepared in suitable entangled state,
can exhibit input-output correlations that can not be
explained within the local realistic world view of classical
physics [1, 2] (see also [3, 4]). Bell considered quantum
system with two spatially separated subsystems and
termed the joint input-output correlation locally-causal
if it is product of input-output probabilities for the in-
dividual parties or convex mixture of individual input-
output probabilities. He derived an empirically testable
inequality whose violation establishes nonlocal nature of
the correlation. Later, Svetlichny initiated the study of
nonlocal correlations for multipartite quantum systems
that involved more than two subsystems [5]. Follow-
ing an apparently natural mathematical generalization
of Bell he characterized multipartite correlations into
three types - fully local, bilocal, and genuine nonlocal. He
also came up with an empirical test to certify genuine
nonlocality of a correlation. More recently, however,
several groups of researchers identified inconsistency
in Svetlichny’s definition as it does not capture the no-
tion of genuineness in perfect operational sense [6, 7].
They have also proposed novel operational framework
to overcome this issue.
The framework by Gallego et al. [6] is well motiv-
ated from resource theoretic perspective where the set
of relevant free operations is identified as wirings and
classical communication prior to the inputs (WCCPI). This
framework introduces a hierarchical classification of mul-
tipartite correlations: set of no-signalling bilocal (NSBL)
correlations ( set of time-ordered bilocal correlations
(TOBL) ( set of general bilocal (BL) correlations ( set
of multipartite no-signalling (NS) correlations. The set
BL is identical to the set of bilocal correlations as iden-
tified by Svetlichny and the correlations lying outside
this set are called genuinely nonlocal. However, as poin-
ted out in [6], a correlation even within the set BL may
exhibit unexpected behaviour under WCCPI protocol.
This consequently indicates genuine nonlocal nature of
those BL correlations and therefore put the framework
by Svetlichny into jeopardy. In this work we revisit
the framework of Gallego et al. But, while exploring
their work we find that although their framework is op-
erationally perfect, some of their claims regarding the
correlations presented there are not correct. Interestingly,
we find that a more critical analysis of Ref. [6], in fact,
introduces new classes of correlations lying in between
the sets TOBL and BL. Our work thus can be viewed as
culmination of the novel operational framework by Gal-
lego et al. for characterizing the nonlocal correlations in
multipartite scenario. The article is organized as follows:
in section (II) we recall the operational frameworks for
multipartite nonlocal correlations that have already been
developed in the literature, in section (III) we present
the main contribution of our work, and finally we put
our conclusions in section (IV).
II. FRAMEWORK
Consider n spatially separated parties. The input
for kth party is denoted by ik and the corresponding
outcome by ok, with values taken from some finite set
Ik and Ok respectively; k ∈ {1, · · · , n}. An n-partite
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2correlation is a joint input-output probability distribu-
tion P := {p(o1 · · · on|i1 · · · in) | p(o1 · · · on|i1 · · · in) ≥
0 ∀ ik ∈ Ik & ok ∈ Ok; ∑k ∑ok p(o1 · · · on|i1 · · · in) =
1 ∀ ik ∈ Ik}. Such a correlation is called no-signaling if
any non-empty subgroup of the parties can not change
the marginal outcome probabilities for the remaining
parties by changing their choice of inputs. Set of all NS
correlations we will denote as PNSn or simply as PNS
when number of parties are not relevant to mention.
Study of quantum nonlocality identifies physically mo-
tivated different hierarchical subsets of correlations in
PNS. For instance, in two-party scenario a correlation is
called local (Bell used the term locally-causal) if it can be
expressed as,
p(o1o2|i1i2) =
∫
Λ
p(λ)p(o1|i1,λ)p(o2|i2,λ)dλ, (1)
where, λ ∈ Λ is a random variable, commonly called
local hidden variable in quantum foundation community,
shared between the two parties following a probabil-
ity distribution {p(λ) | p(λ) ≥ 0 & ∫ p(λ)dλ = 1}
over Λ. When λ takes value from a discrete set, the
above integral is replaced by summation. Bell came
up with an empirical criterion, famously called the
Bell inequality, to test whether a given correlation is
local or not. Violation of this inequality establishes non-
local nature of the correlation, i.e. the correlation can
not be expressed as of Eq.(1). A correlation is called
quantum if it can be obtained through quantum means,
i.e. PQ := {p(o1o2|i1i2) ≡ Tr[ρ12(pii1o1 ⊗pii2o2)]}, where ρ12
is a density operator acting on some composite Hilbert
space H1 ⊗H2 and {piikok} be a positive operator valued
measure (POVM) acting on kth parties Hilbert space, i.e.
{piikok ≥ 0, ∀ ik ∈ Ik, ok ∈ Ok, & ∑ok∈Ok pi
ik
ok = Ik ∀ ik},
with Ik being the identity operator on Hk. Let us denote
the set of local correlation and quantum correlation as
P L and PQ respectively. While PNS and P L are con-
vex polytope embedded in some Euclidean space, PQ
is a non-polytopic convex set with infinite, indeed unac-
countably many infinite, number of extreme points. We
have the following set inclusion relations
P L2 ( PQ2 ( PNS2 . (2)
Whereas the proper set inclusion relation P L2 ( PQ2 is es-
tablished through Bell inequality violation, the inclusion
relation PQ2 ( PNS2 is assured from the example of cor-
relation provided by Popescu & Rohrlich [8]. Whenever
cardinality of all the sets I1, I2,O1, and O2 is 2, Fine
[9] proved that a correlation P will be in P L2 if and only
if it satisfies the Clauser-Horne-Shimony-Holt (CHSH)
inequality [10]. On the other hand the membership prob-
lem to decide whether a given correlation is quantum or
not is in general undecidable [11–13].
While in bipartite scenario the set of no-signaling
correlations are characterized within local and nonlocal
dichotomy, a finer characterization is required when the
party number increases [5]. An n-partite input-output
correlation is said to be fully local (FL) when
p(o1 · · · oN |i1 · · · iN) =
∫
Λ
p(λ)Πkp(ok|ik,λ)dλ. (3)
Outside the set PFL there may exist correlations where
nonlocality persists among m(< n) parties but the re-
maining n−m are locally correlated leading to different
new classes of correlations. For instance, in tripartite
scenario a correlation is called bilocal (BL) if it can be
expressed as
p(o1o2o3|i1i2i3) =
∫
p(λ)p(o1|i1,λ)p(o2o3|i2i3,λ)dλ. (4)
Correlations lying outside the set PBL are called genu-
inely nonlocal. Note that, Svetlichny in his paper con-
sider all party permutation while defining a BL correla-
tion. However, here, likewise the Ref.[6], we will restrict
ourselves in a particular party permutation, which will
make no hindrance in the main purpose of this paper.
In multipartite scenario, therefore, the set inclusion rela-
tions (2) get modified as,
PFL ( PBL,PQ ( PNS. (5)
Note that PBL and PQ do not follow any subset inclu-
sion relation rather they overlap with each other, i.e.
PBL ∩ PQ 6= ∅.
Apart from foundational interest, the characterization
of nonlocal correlations is also important from practical
prospective as they have shown to be useful resource for
device independent quantum information processing
[14]. With this aim several groups have explored the no-
tion of multipartite nonlocality in the recent past [6, 7].
The framework in [6] is motivated from the resource
theory of quantum entanglement, where entanglement
is considered as a useful resource under the operational
paradigm of local operation and classical communica-
tion (LOCC) [15]. In nonlocality scenario, the authors
identified the free operations as WCCPI protocols under
which the type of nonlocality should not be changed.
However, they have pointed out that the a correlation
that is local in 1 vs 23 (1|23) cut can exhibit nonlocality
in the same cut after a bona fide WCCPI operation. Such
an inconsistency put the framework by Svetlichny into
jeopardy. The inconsistency stems from the fact that a
term like p(o2o3|i2i3,λ) in the decomposition (4) does
not need to satisfy the no-signaling constraint. Depend-
ing on whether such terms are no-signaling, one-way
signaling, or two-way signaling, different sets of correla-
tions can be defined.
3Definition 1. (PRL 109, 070401) A tripartite correlation
p(o1o2o3|i1i2i3) ≡ P is said to admit a time-ordered bilocal
(TOBL) model (with respect to the partition 1|23) if it can be
decomposed as,
P =
∫
p(λ)dλp(o1|i1,λ)p2→3(o2o3|i2i3,λ) (6a)
=
∫
p(λ)dλp(o1|i1,λ)p2←3(o2o3|i2i3,λ), (6b)
with the distributions p2→3 and p2←3 obeying the conditions
p2→3(o2|i2,λ) =∑
o3
p2→3(o2o3|i2i3,λ), (7a)
p2←3(o3|i3,λ) =∑
o2
p2←3(o2o3|i2i3,λ). (7b)
The above conditions tell that the term p(o2o3|i2i3,λ)
allows only one-way signaling either 2nd party to the
3rd or vice verse. A tripartite correlation is called NSBL
(BL) if the terms p(o2o3|i2i3,λ) obey the NS conditions
in both ways (allows two way signalling). The authors
in [6] have shown that TOBL correlations are consist-
ent with WCCPI protocol along the partition 1|23, i.e.
such an operation maps TOBL correlations (6) into a
probability distributions with a local model along this
partition. They have also reported the following set
inclusion relations in the correlation space,
PFL ( PNSBL ( PTOBL ( PBL ( PNS. (8)
The proper set inclusion relation PTOBL ( PBL has been
established by providing an explicit example of quantum
correlation in PBL that exhibits unwanted nonlocal be-
havior along a particular partition (1|23 partition) even
under bona fide WCCPI operation. Furthermore it has
been claimed that the inconsistency is arising due to
the presence of two-way signaling terms in its bi-local
decomposition. In fact the authors in [6] have made
a stronger observation “Indeed, all the examples of distri-
butions of the form (4) [also Eq.(4) in our paper] leading
to a Bell violation under WCCPI have to be such that the
bilocal decomposition requires terms displaying signalling in
both directions". In the following section we will show
that this claim is not correct, although the set inclusion
relation (8) is flawless. However, we will show that a
finer classification is possible than the subset inclusion
relations of Eq.(8).
III. RESULTS
In this section, we first recall the example of
correlation provided by Gallego et al. They have
considered a tripartite quantum correlation obtained
from the three-qubit GHZ state: |ψGHZ〉123 =
1/
√
2 (|000〉+ |111〉)A1A2A3 shared among three parties
(say) A1, A2 and A3. In each run, A1 and A2 perform
one of two dichotomous measurementsM := {σz, σx},
whereas A3 chooses her measurement from M′ :=
{(σz + σx)/
√
2, (σz − σx)/
√
2}. Denoting the first meas-
urement as input 0 & the second one as 1 and +1 out-
come as 0 & −1 as 1 the resulting correlation can be
expressed as the following matrix form:
PG =
1
2

2a+ 2a− 0 0 0 0 2a− 2a+
2a+ 2a− 0 0 0 0 2a− 2a+
a+ a− a+ a− a− a+ a− a+
a+ a− a+ a− a− a+ a− a+
a+ a− a− a+ a+ a− a− a+
a+ a− a− a+ a+ a− a− a+
a+ a− a− a+ a− a+ a+ a−
a− a+ a+ a− a+ a− a− a+

, (9)
where a± := 1/4
(
1± 1/√2
)
. We arrange the input
in rows and output in columns and dictionary order-
ing is followed. This particular correlation is BL as it
allows a decomposition (4) across 1|23 partition and
consequently PG should contain no nonlocal feature in
that bi-partition. However, it turns out that after a bona
fide WCCPI operation along 1|23 cut, the resulting cor-
relation P = {p(o1o3|i1i2) ≡ ∑o2 p(o1o2o3|i1i2, i3 = o2)}
exhibits CHSH inequality violation. In the required
WCCPI protocol, A2 and A3 collaborate in the same
laboratory while A1 is in a spatially separated site. After
the announcement of the inputs of the nonlocality task,
A2 produces her output o2 using the input i2 and then
sends it to A3 to use it as input i3, i.e., i3 = o2. Finally, A3
yields output o3. On the other side, A1 locally produces
output o1 using input i1. This clearly establishes the
inconsistency of Svetlichny’s definitions of bilocality/
genuineness with the operational paradigm of WCCPI.
In the next, we show that the correlation PG allows a
bilocal decomposition that contains terms with one-way
signaling only.
Proposition 1. The correlation PG allows a decompos-
ition PG = ∑λ pλp(o1|i1,λ)p2←3(o2o3|i2i3,λ), where
p2←3(o2o3|i2i3,λ) does not admit signaling from 2 to 3 but
(may) allow signaling from 3 to 2.
4Proof. The proof directly follows from the explicit decomposition given by,
PG =
1
2
(
1 0
1 0
)
1
⊗

a+ a− 0 0
a+ a− 0 0
a+ a− 0 0
0 0 a+ a−

2←3
+
1
2
(
1 0
0 1
)
1
⊗

a+ a− 0 0
a+ a− 0 0
0 0 a+ a−
a+ a− 0 0

2←3
+
1
2
(
0 1
1 0
)
1
⊗

0 0 a− a+
0 0 a− a+
0 0 a− a+
a− a+ 0 0

2←3
+
1
2
(
0 1
0 1
)
1
⊗

0 0 a− a+
0 0 a− a+
a− a+ 0 0
0 0 a− a+

2←3
.(10)
Please note that, the bipartite terms in the decomposition do not allow signaling from 2 to 3.
This proves that a correlation does not require terms
displaying signalling in both directions in its bilocal de-
composition to show the inconsistent behaviour under
WCCPI as claimed in [6]. At this point, it is noteworthy
that in the above decomposition we have terms that dis-
play signaling from 3 to 2 whereas the WCCPI protocol
used to obtain a bipartite correlation in 1|23 cut contains
signaling from 2 to 3. This opposite directional signaling
results in the ‘unwanted’ inconsistency. This observa-
tion motivates to define an asymmetric version of TOBL
correlations.
Definition 2. A tripartite correlation p(o1o2o3|i1i2i3) is said
to admit a asymmetric time-ordered bilocal model from 3 to
2 if it allows a decomposition of the form p(o1o2o3|i1i2i3) =
∑ pλp(o1|i1,λ)p2←3(o2o3|i2i3,λ) but need not to al-
low a decomposition of the form p(o1o2o3|i1i2i3) =
∑ pλp(o1|i1,λ)p2→3(o2o3|i2i3,λ).
Collection of all such correlations we will denote
as PATOBL2←3 . Similarly, we can define the set PATOBL2→3 .
From Definition 1 & 2 arguably it follows that the
set PTOBL is intersection of these two asymmetric sets,
PATOBL2←3 ∩ PATOBL2→3 = PTOBL. Furthermore PTOBL is a
strict subset of both of them. To argue that, first note
that the correlation (9) [from now on we will denote it
as PG2←3] does not belong to the set PATOBL2←3 , otherwise
it will not show the nonlocality across 1|23 partition
under the WCCPI protocol displaying signaling from 3
to 2. Since PG2←3 ∈ PATOBL2←3 but PG2←3 /∈ PATOBL2→3 , therefor
PG2←3 /∈ PTOBL and hence PTOBL ( PATOBL2←3 . One can
obtain a correlation PG2→3 ∈ PATOBL2→3 by just interchan-
ging the measurements for A2 and A3 in PG2←3, i.e. A2
chooses her measurement from the set M′ while A3
fromM. To show the nonlocal behaviour of PG2→3 in the
1|23 partition, one have to again interchange the role of
A2 and A3 in the WCCPI that has been used for PG2←3.
Applying similar argument as before it turns out that
PTOBL ( PATOBL2→3 .
We can define a set PATOBL of correlations which is
the convex hull of PATOBL2←3 and PATOBL2→3 , i.e.,
PATOBL := {P | P = qP′ + (1− q)P′′}, (11)
with P′,P′′ ∈ PATOBL2←3 or PATOBL2→3 & q ∈ [0, 1].
One can ask the question whether the set PATOBL is
same as the set PATOBL2←3 ∪ PATOBL2→3 . The following pro-
position answers this question in negative.
Proposition 2. PATOBL2←3 ∪ PATOBL2→3 ( PATOBL.
Proof. Consider the following two correlations
Pe2←3 =
1
2

2k+ 2k− 0 0 0 0 2k− 2k+
2k+ 2k− 0 0 0 0 2k− 2k+
k+ k− k+ k− k− k+ k− k+
k+ k− k+ k− k− k+ k− k+
k+ k− k− k+ k+ k− k− k+
k+ k− k− k+ k+ k− k− k+
k+ k− k− k+ k− k+ k+ k−
k− k+ k+ k− k+ k− k− k+

, Pe2→3 =
1
2

2k+ 0 2k− 0 0 2k− 0 2k+
k+ k+ k− k− k− k− k+ k+
2k+ 0 2k− 0 0 2k− 0 2k+
k+ k+ k− k− k− k− k+ k+
k+ k− k− k+ k+ k− k− k+
k+ k− k− k+ k− k+ k+ k−
k+ k− k− k+ k+ k− k− k+
k− k+ k+ k− k+ k− k− k+

, (12)
where, k± = 1/4 (1± e) with 0 ≤ e ≤ 1. Decomposition, analogous to Eq.(10), for these correlations are given by,
Pe2←3 =
1
2
(
1 0
1 0
)
⊗

k+ k− 0 0
k+ k− 0 0
k+ k− 0 0
0 0 k+ k−
+ 12
(
1 0
0 1
)
⊗

k+ k− 0 0
k+ k− 0 0
0 0 k+ k−
k+ k− 0 0
+ 12
(
0 1
1 0
)
⊗

0 0 k− k+
0 0 k− k+
0 0 k− k+
k− k+ 0 0
+ 12
(
0 1
0 1
)
⊗

0 0 k− k+
0 0 k− k+
k− k+ 0 0
0 0 k− k+
 , (13a)
Pe2→3 =
1
2
(
1 0
1 0
)
⊗

k+ 0 k− 0
k+ 0 k− 0
k+ 0 k− 0
0 k+ 0 k−
+ 12
(
1 0
0 1
)
⊗

k+ 0 k− 0
0 k+ 0 k−
k+ 0 k− 0
k+ 0 k− 0
+ 12
(
0 1
1 0
)
⊗

0 k− 0 k+
0 k− 0 k+
0 k− 0 k+
k− 0 k+ 0
+ 12
(
0 1
0 1
)
⊗

0 k− 0 k+
k− 0 k+ 0
0 k− 0 k+
0 k− 0 k+
 . (13b)
5Consider now another correlation Peα obtained by convex mixing of the correlations in Eq.(12),
Peα = αP
e
2←3 + (1− α)Pe2→3 ; α ∈ [0, 1]. (14)
As in the case of PG if we apply the same WCCPI operations containing signaling 2 3 and 2 3 [16] we will
obtain the respective bipartite correlations across the 1|23 partition:
Q23(e, α) := {p(o1o3|i1i2)} ≡ 12

2k+ + αk− (2− α)k− αk+ + 2(1− α)k− (2− α)k+ + 2αk−
2k+ + αk− (2− α)k− αk+ + 2(1− α)k− (2− α)k+ + 2αk−
1
2
1
2 (α+ 1)k
+ + (1− α)k− (1− α)k+ + (α+ 1)k−
2k+ 2k− αk+ + (2− α)k− (2− α)k+ + αk−
 , (15a)
Q23(e, α) := {p(o1o2|i1i3)} ≡ 12

2k+ + (1− α)k− (α+ 1)k− (1− α)k+ + 2αk− (α+ 1)k+ + 2(1− α)k−
2k+ + (1− α)k− (α+ 1)k− (1− α)k+ + 2αk− (α+ 1)k+ + 2(1− α)k−
1
2
1
2 (2− α)k+ + αk− αk+ + (2− α)k−
2k+ 2k− (1− α)k+ + (α+ 1)k− (α+ 1)k+ + (1− α)k−
 . (15b)
The Bell-CHSH values for these correlations turn out to be
B23(e, α) = α+ e(3− 2α), B23(e, α) = (1− α) + e(1+ 2α). (16)
When Pe2←3 and Pe2→3 are mixed equally, the resulting bipartite correlations obtained under two different WCCPI
protocols are same, i.e. Q23(e, 1/2) = Q23(e, 1/2) := Q(e, 1/2), and consequently their Bell-CHSH values,
B23(e, 1/2) = B23(e, 1/2) := B(e, 1/2) = 1/2+ 2e. This leads us to the following conclusion. If the correlation
Pe1/2 can be shown to be lie outside the set PATOBL2→3 then it must also lie outside PATOBL2←3 . Since Q(e, 1/2) exhibits
nonlocality for e > 3/4, therefore the correlations Pe>3/4α=1/2 (:=P
>3/4
1/2 ) lie outside the set PATOBL2→3 ∪ PATOBL2←3 . On the
other hand, by construction we have P>3/41/2 ∈ PATOBL, which thus implies Proposition 2.
Thus compared to Eq.(8) we have the following finer set
inclusion relations in the correlations space.
PFL ( PNSBL ( PTOBL ( PATOBL2→3 ,PATOBL2←3
( PATOBL2→3 ∪ PATOBL2←3 ( PATOBL ⊆ PBL ( PNS. (17)
We have not been able to prove the proper subset re-
lation PATOBL ( PBL, although we believe it should
hold. Also note that, we have only prove that the correla-
tions P>3/41/2 live in PATOBL but not in PATOBL2←3 ∪PATOBL2→3 .
However, we don’t know whether these correlations
are quantum or not. The essence of our study can be
presented in a Venn diagram as depicted in Fig.1.
IV. DISCUSSIONS
Bell’s theorem addresses one of the long standing
debate regarding the foundational status of quantum
theory [17–24] and shakes one of our most inveterate
world view. Advent of quantum information theory
identifies Bell nonlocality as a useful resource for device
independent quantum information processing where an
information task can be achieved without making any
assumptions about the internal working of the devices
used in the protocol. Several such protocols have been
proposed with many of them already achieving practical
implementation [25–32]. It has also been established as
useful resource in Bayesian game theory to [33–35]. Re-
source quantification and characterization of such non-
local correlations is, therefore, relevant from practical
point of view. In this paper, we revisit one such frame-
work for multipartite nonlocality developed in Ref.[6].
We show that a finer characterization of multipartite
nonlocal correlations than that of Ref.[6] is possible un-
der the same operational framework proposed there.
While doing so we also find some incorrect conclusions
made in [6] and correct those. Our work accompanying
with Ref.[6] thus provide a comprehensible picture of
multipartite nonlocal correlations.
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?
Figure 1. [Color on-line] The inner most white region represents the set of fully local correlations. This and green region represent
the set of NSBL correlations. Intersection of the two asymmetric sets PATOBL2←3 and PATOBL2→3 (blue and green elliptical regions,
respectively) is the the set of TOBL correlations and their convex hull PATOBL is strictly larger than their union. The set PBL of BL
correlations are shown by purple dotted region. It is shown by dotted line as we have not proved PATOBL ( PBL, although we
believe the proper inclusion should hold. Red elliptical region PQ denotes the set of quantum correlations which strictly contains
PFL but only overlaps with all other sets. For instance the tripartite correlation P1 ⊗ PPR23 is a non quantum NSBL correlation,
where P is some single party input-output probability vector and PPR is the Popescu-Rohrlich correlation. Outermost black
ellipse denotes the set of all NS correlations. We put the ‘?’ mark as we are not sure whether the correlation P>3/41/2 is quantum or
not.
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